Relatively inherently non-finitely based

varieties and quasi-varieties

Mikhail Volkov

Ural Federal University, Ekaterinburg, Russia

X

e

Vel M

(joint work with Marcel Jackson, La Trobe University, Australia)

AAA82, June 25, 2011

Mikhail Volkov Relatively INFB varieties and quasi-varieties



Definitions and Terminology

A semigroup identity is a pair of semigroup words (u, v) usually
written as a formal equality u = v.

AAA82, June 25, 2011

Mikhail Volkov Relatively INFB varieties and quasi-varieties



Definitions and Terminology

A semigroup identity is a pair of semigroup words (u, v) usually
written as a formal equality u = v.

A semigroup S satisfies an identity u = v (or: u = v holds in S) if
every evaluation of letters involved in the words u and v at some
elements of S produces equal values in S.

AAA82, June 25, 2011

Mikhail Volkov Relatively INFB varieties and quasi-varieties



Definitions and Terminology

A semigroup identity is a pair of semigroup words (u, v) usually
written as a formal equality u = v.

A semigroup S satisfies an identity u = v (or: u = v holds in S) if
every evaluation of letters involved in the words u and v at some
elements of S produces equal values in S.

Example: the identities xy = yx and x = x2 hold in the semigroup
({0,1};-) while the identity x = y does not.
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Definitions and Terminology

A semigroup identity is a pair of semigroup words (u, v) usually
written as a formal equality u = v.

A semigroup S satisfies an identity u = v (or: u = v holds in S) if
every evaluation of letters involved in the words u and v at some
elements of S produces equal values in S.

Example: the identities xy = yx and x = x2 hold in the semigroup
({0,1};-) while the identity x = y does not.

A semigroup S is finitely based if all identities holding in S can be
deduced from some finite set of such identities (called an identity
basis for S).
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Example contd: the identities xy = yx and x = x> form an identity
basis for the semigroup ({0,1};).
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Example contd: the identities xy = yx and x = x> form an identity
basis for the semigroup ({0,1};).

If an identity v = v holds in ({0, 1};-), then v and v have the same
letters.
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Example contd: the identities xy = yx and x = x> form an identity
basis for the semigroup ({0,1};).

If an identity v = v holds in ({0, 1};-), then v and v have the same
letters. Indeed, if u has a letter, x, say, that does not occur in v,
we evaluate x at 0 and all other letters at 1. Then the value of u
becomes 0 while the value of v is 1.
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Example contd: the identities xy = yx and x = x> form an identity
basis for the semigroup ({0,1};).

If an identity v = v holds in ({0, 1};-), then v and v have the same
letters. Indeed, if u has a letter, x, say, that does not occur in v,
we evaluate x at 0 and all other letters at 1. Then the value of u
becomes 0 while the value of v is 1.

On the other hand, the laws xy = yx and x = x? allow one to
reduce any word to the product of its letters, each taken once, in
some fixed order.
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Example contd: the identities xy = yx and x = x> form an identity
basis for the semigroup ({0,1};).

If an identity v = v holds in ({0, 1};-), then v and v have the same
letters. Indeed, if u has a letter, x, say, that does not occur in v,
we evaluate x at 0 and all other letters at 1. Then the value of u
becomes 0 while the value of v is 1.

On the other hand, the laws xy = yx and x = x? allow one to
reduce any word to the product of its letters, each taken once, in
some fixed order.

Xyxyzytzx
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Example contd: the identities xy = yx and x = x> form an identity
basis for the semigroup ({0,1};).

If an identity v = v holds in ({0, 1};-), then v and v have the same
letters. Indeed, if u has a letter, x, say, that does not occur in v,
we evaluate x at 0 and all other letters at 1. Then the value of u
becomes 0 while the value of v is 1.

On the other hand, the laws xy = yx and x = x? allow one to
reduce any word to the product of its letters, each taken once, in
some fixed order.

Xyxyzytzx Xﬂx x3 y322t
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Example contd: the identities xy = yx and x = x? form an identity
basis for the semigroup ({0,1};-).

If an identity v = v holds in ({0, 1};-), then u and v have the same
letters. Indeed, if u has a letter, x, say, that does not occur in v,
we evaluate x at 0 and all other letters at 1. Then the value of u
becomes 0 while the value of v is 1.

On the other hand, the laws xy = yx and x = x? allow one to
reduce any word to the product of its letters, each taken once, in
some fixed order.

=~ ~x2
Xyxyzytzx [ GRS y3z2t — xyzt
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Example contd: the identities xy = yx and x = x? form an identity
basis for the semigroup ({0,1};-).

If an identity v = v holds in ({0, 1};-), then u and v have the same
letters. Indeed, if u has a letter, x, say, that does not occur in v,
we evaluate x at 0 and all other letters at 1. Then the value of u
becomes 0 while the value of v is 1.
On the other hand, the laws xy = yx and x = x? allow one to
reduce any word to the product of its letters, each taken once, in
some fixed order.

Xyxyzytzx IR K3 y3z2t Xﬁ—X; xyzt
Hence, whenever two words involve the same letters, they can be
reduced to the same product, and thus, to each other.
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.

A finite semigroup can be nonfinitely based (Perkins, 1966).
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.

A finite semigroup can be nonfinitely based (Perkins, 1966).
Perkins’s example is the 6-element monoid B3 (the Brandt monoid)
formed by the following 2 x 2-matrices:

03) 6o o) o) (2) (o)
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.

A finite semigroup can be nonfinitely based (Perkins, 1966).
Perkins’s example is the 6-element monoid B3 (the Brandt monoid)
formed by the following 2 x 2-matrices:

03) 6o o) o) (2) (o)

The example is extremely transparent and natural.
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.

A finite semigroup can be nonfinitely based (Perkins, 1966).
Perkins’s example is the 6-element monoid B3 (the Brandt monoid)
formed by the following 2 x 2-matrices:

03) 6o o) o) (2) (o)

The example is extremely transparent and natural. It also turns out
to be minimal with respect to size of semigroup (Trahtman, 1981,
1991; Lee, 2011.)
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Perkins's Example

If a semigroup is not finitely based, it is said to be nonfinitely based.

A finite semigroup can be nonfinitely based (Perkins, 1966).
Perkins’s example is the 6-element monoid B3 (the Brandt monoid)
formed by the following 2 x 2-matrices:

03) 6o o) o) (2) (o)

The example is extremely transparent and natural. It also turns out
to be minimal with respect to size of semigroup (Trahtman, 1981,
1991; Lee, 2011.) There are exactly three other 6-element examples
(the examples are due to Trahtman, ~, Zhang while the verification
that the remaining 15969 semigroups of order 6 are finitely based is
due to Lee & Li).
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist:
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
Its algorithmic version is known as Tarski’s problem for semigroups.
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
Its algorithmic version is known as Tarski’s problem for semigroups.

Tarski's Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely based or not?
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
Its algorithmic version is known as Tarski’s problem for semigroups.

Tarski's Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely based or not?

Groupoids Semigroups Groups
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
Its algorithmic version is known as Tarski’s problem for semigroups.

Tarski's Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely based or not?

Groupoids Semigroups Groups
Undecidable (McKenzie, 1996)
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
Its algorithmic version is known as Tarski’s problem for semigroups.

Tarski's Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely based or not?

Groupoids  Semigroups Groups
Undecidable Decidable (Oates & Powell, 1964)
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Tarski's Problem

Semigroups are the only “classical” algebras for which finite non-
finitely based objects exist: finite groups, associative or Lie rings,
lattices are finitely based.

Problem: Which finite semigroups are finitely based and which are
not?

This is the Finite Basis Problem (FBP) for finite semigroups.
Its algorithmic version is known as Tarski’s problem for semigroups.

Tarski's Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely based or not?

Groupoids Semigroups Groups
Undecidable 777777777777 Decidable
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Why Tarski's Problem?

Why does Tarski's Problem cause so much interest?
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Why Tarski's Problem?

Why does Tarski's Problem cause so much interest?

Because it is interesting!
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Why Tarski's Problem?

Why does Tarski's Problem cause so much interest?

Because it is interesting! As David Hilbert said, Mathematics is
“eine einzigartige Symphonie des Unendlichen”, i.e. a unique sym-
phony of the infinite.
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Why Tarski's Problem?

Why does Tarski's Problem cause so much interest?

Because it is interesting! As David Hilbert said, Mathematics is
“eine einzigartige Symphonie des Unendlichen”, i.e. a unique sym-
phony of the infinite. The fact that the infinite may be hidden inside
apparently finite and innocently looking objects such as the the 6-
element Brandt monoid is surprising and challenging.
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Why Tarski's Problem?

Why does Tarski's Problem cause so much interest?

Because it is interesting! As David Hilbert said, Mathematics is
“eine einzigartige Symphonie des Unendlichen”, i.e. a unique sym-
phony of the infinite. The fact that the infinite may be hidden inside
apparently finite and innocently looking objects such as the the 6-
element Brandt monoid is surprising and challenging. It is something
“wir mussen wissen” (we must know), as the same Hilbert said.
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Why Tarski's Problem?

Why does Tarski's Problem cause so much interest?

Because it is interesting! As David Hilbert said, Mathematics is
“eine einzigartige Symphonie des Unendlichen”, i.e. a unique sym-
phony of the infinite. The fact that the infinite may be hidden inside
apparently finite and innocently looking objects such as the the 6-
element Brandt monoid is surprising and challenging. It is something
“wir mussen wissen” (we must know), as the same Hilbert said.

Of course, along with such “high” arguments, there are also more
“terrestrial” ones.
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FBP vs VMP

The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety var S.
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FBP vs VMP

The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety var S.
VMP and related problems for pseudovarieties play a central role in
the modern theory of finite semigroups.
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FBP vs VMP

The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety var S.
VMP and related problems for pseudovarieties play a central role in
the modern theory of finite semigroups.

VMP is always decidable: by the HSP-theorem T € var S iff T is
a homomorphic image of the free | T|-generated semigroup of var S
and the free semigroup has at most |5|(|5|m) elements.
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FBP vs VMP

The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety var S.
VMP and related problems for pseudovarieties play a central role in
the modern theory of finite semigroups.

VMP is always decidable: by the HSP-theorem T € var S iff T is
a homomorphic image of the free | T|-generated semigroup of var S
and the free semigroup has at most |5|(|5|m) elements.

The complexity of VMP is not known (for general algebras it can be
extremely high as shown by Kozik).
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FBP vs VMP

The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety var S.
VMP and related problems for pseudovarieties play a central role in
the modern theory of finite semigroups.

VMP is always decidable: by the HSP-theorem T € var S iff T is
a homomorphic image of the free | T|-generated semigroup of var S
and the free semigroup has at most |5|(|5|m) elements.

The complexity of VMP is not known (for general algebras it can be
extremely high as shown by Kozik).

If S has a finite identity basis ¥, say, then in order to check whether
or not T belongs to var$ it suffices to verify whether or not all
identities in X hold in T, and this is a polynomial (in | T|) procedure.
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FBP vs VMP

The Variety Membership Problem (VMP) for a finite semigroup S is
a combinatorial decision problem whose input is a finite semigroup
T and whose question is whether T belongs to the variety var S.
VMP and related problems for pseudovarieties play a central role in
the modern theory of finite semigroups.

VMP is always decidable: by the HSP-theorem T € var S iff T is
a homomorphic image of the free | T|-generated semigroup of var S
and the free semigroup has at most |5|(|5|m) elements.

The complexity of VMP is not known (for general algebras it can be
extremely high as shown by Kozik).

If S has a finite identity basis ¥, say, then in order to check whether
or not T belongs to var$ it suffices to verify whether or not all
identities in X hold in T, and this is a polynomial (in | T|) procedure.
This gives an additional strong motivation for studying the FBP for

finite semigroups.
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Quasi-identities

A semigroup quasi-identity is an expression of the form
n=v & - & up=vp,>u=v, (*)

where u1, vi, ..., Up, Vp, U, v are semigroup words.
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Quasi-identities

A semigroup quasi-identity is an expression of the form
n=v & - & up=vp,>u=v, (*)
where u1, vi, ..., Up, Vp, U, v are semigroup words.

A semigroup S satisfies a quasi-identity (*) (or: (*) holds in S) if

every evaluation of letters involved in the words u1, va, ..., up, vy,
u, v at some elements of S produces equal values of v and v
whenever values of u; and v; are equal for each i =1,...,n.
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Quasi-identities

A semigroup quasi-identity is an expression of the form
ulivl&...&univn—)uiv’ (*)

where u1, vi, ..., Up, Vp, U, v are semigroup words.

A semigroup S satisfies a quasi-identity (*) (or: (*) holds in S) if

every evaluation of letters involved in the words u1, va, ..., up, vy,
u, v at some elements of S produces equal values of v and v
whenever values of u; and v; are equal for each i =1,...,n.

Example: the quasi-identity

XPox &yt ey o (xy) = xy

holds in the Brandt monoid B} while the quasi-identity

e=x & y’cysxzy

does not. AAAS2, June 25, 2011
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Further Examples

Standard examples of semigroup quasi-identities are the
cancellation laws

Xy =xz —>y=zand yx = zx = y = z.
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Further Examples

Standard examples of semigroup quasi-identities are the
cancellation laws

Xy =xz —>y=zand yx = zx = y = z.

There are many other important properties described by
quasi-identities. For example, the quasi-identity

xey=f & ufvoe & e?~e & fP=f & ef ~e & fe=e
—e="f.

is satisfied by all finite semigroups, but fails, say, on the bicyclic
semigroup.
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Further Examples

Standard examples of semigroup quasi-identities are the
cancellation laws

Xy =xz —>y=zand yx = zx = y = z.
There are many other important properties described by
quasi-identities. For example, the quasi-identity
xey=f & ufvoe & e?~e & fPof & ef ~e & fe=e
—e=f.

is satisfied by all finite semigroups, but fails, say, on the bicyclic
semigroup.
For any n > m > 1 the quasi-identity

xy"z = xz — xyMz = xz
holds in every semigroup of order preserving transformations of a

chain. AAAS82, June 25, 2011
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Nonfinitely g-Based Semigroups

A semigroup S is finitely g-based if all quasi-identities holding in S
can be deduced from some finite set of such quasi-identities (called
an quasi-identity basis for S).
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Nonfinitely g-Based Semigroups

A semigroup S is finitely g-based if all quasi-identities holding in S
can be deduced from some finite set of such quasi-identities (called
an quasi-identity basis for S).

If a semigroup is not finitely g-based, it is said to be nonfinitely
g-based.
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Nonfinitely g-Based Semigroups

A semigroup S is finitely g-based if all quasi-identities holding in S
can be deduced from some finite set of such quasi-identities (called
an quasi-identity basis for S).

If a semigroup is not finitely g-based, it is said to be nonfinitely
g-based.

A finite semigroup (even a finite group) can be nonfinitely g-based
(Ol'shanskii, 1974).
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Nonfinitely g-Based Semigroups

A semigroup S is finitely g-based if all quasi-identities holding in S
can be deduced from some finite set of such quasi-identities (called
an quasi-identity basis for S).

If a semigroup is not finitely g-based, it is said to be nonfinitely
g-based.

A finite semigroup (even a finite group) can be nonfinitely g-based
(Ol'shanskii, 1974).

The 8-element group of quaternions {+1, £/, £/, +k} may serve
as an example (in fact, this is a minimum size group example).
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Nonfinitely g-Based Semigroups

A semigroup S is finitely g-based if all quasi-identities holding in S
can be deduced from some finite set of such quasi-identities (called
an quasi-identity basis for S).

If a semigroup is not finitely g-based, it is said to be nonfinitely
g-based.

A finite semigroup (even a finite group) can be nonfinitely g-based
(Ol'shanskii, 1974).

The 8-element group of quaternions {+1, £/, £/, +k} may serve
as an example (in fact, this is a minimum size group example).
A minimum size semigroup example is due to Sapir (1980): the
3-element cyclic semigroup Gz 1 = (a | a°® = a*) = {a, 8%, 0}.
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g-Version of Tarski's Problem

Problem: Which finite semigroups are finitely g-based and which
are not?
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g-Version of Tarski's Problem

Problem: Which finite semigroups are finitely g-based and which
are not?

This is the Finite g-Basis Problem (FQBP) for finite semigroups.
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g-Version of Tarski's Problem

Problem: Which finite semigroups are finitely g-based and which
are not?

This is the Finite g-Basis Problem (FQBP) for finite semigroups.
Of course, its algorithmic version parallel to Tarski’'s problem can
be stated:
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g-Version of Tarski's Problem

Problem: Which finite semigroups are finitely g-based and which
are not?

This is the Finite g-Basis Problem (FQBP) for finite semigroups.
Of course, its algorithmic version parallel to Tarski’'s problem can
be stated:

g-Version of Tarski's Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely g-based or not?
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g-Version of Tarski's Problem

Problem: Which finite semigroups are finitely g-based and which
are not?

This is the Finite g-Basis Problem (FQBP) for finite semigroups.
Of course, its algorithmic version parallel to Tarski's problem can
be stated:

g-Version of Tarski's Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely g-based or not?

Groupoids  Semigroups Groups
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g-Version of Tarski's Problem

Problem: Which finite semigroups are finitely g-based and which
are not?

This is the Finite g-Basis Problem (FQBP) for finite semigroups.
Of course, its algorithmic version parallel to Tarski's problem can
be stated:

g-Version of Tarski's Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely g-based or not?

Groupoids  Semigroups Groups
Decidable (Ol'shanskil, 1974)
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g-Version of Tarski's Problem

Problem: Which finite semigroups are finitely g-based and which
are not?

This is the Finite g-Basis Problem (FQBP) for finite semigroups.
Of course, its algorithmic version parallel to Tarski's problem can
be stated:

g-Version of Tarski's Problem

Is there an algorithm that when given an effective description of
a finite semigroup S decides whether S is finitely g-based or not?

Groupoids Semigroups Groups
Don't know 777777777777 Decidable
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INFB and INFQB Semigroups

A semigroup [quasi-]variety V is locally finite if every finitely
generated semigroup in V is finite.
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INFB and INFQB Semigroups

A semigroup [quasi-]variety V is locally finite if every finitely
generated semigroup in V is finite. Every [quasi-]variety generated
by a finite semigroup S is locally finite: the largest n-generated
semigroup of var S has at most |S|(I°") elements.
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INFB and INFQB Semigroups

A semigroup [quasi-]variety V is locally finite if every finitely
generated semigroup in V is finite. Every [quasi-]variety generated
by a finite semigroup S is locally finite: the largest n-generated
semigroup of var S has at most |S|(I°") elements.

A finite semigroup S is said to be inherently nonfinitely based if S
is not contained in any locally finite finitely based variety. Hence S
is nonfinitely based (and even inherently nonfinitely based) if var S
contains an inherently nonfinitely based semigroup.
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INFB and INFQB Semigroups

A semigroup [quasi-]variety V is locally finite if every finitely
generated semigroup in V is finite. Every [quasi-]variety generated
by a finite semigroup S is locally finite: the largest n-generated
semigroup of var S has at most |S|(I°") elements.

A finite semigroup S is said to be inherently nonfinitely based if S
is not contained in any locally finite finitely based variety. Hence S
is nonfinitely based (and even inherently nonfinitely based) if var S
contains an inherently nonfinitely based semigroup.

The term “inherently nonfinitely based” was suggested by Perkins
in 1984, while the very first example of an inherently nonfinitely
based finite algebra (in fact, a 3-element groupoid) was exhibited
by Murskit in 1979.
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INFB and INFQB Semigroups

A semigroup [quasi-]variety V is locally finite if every finitely
generated semigroup in V is finite. Every [quasi-]variety generated
by a finite semigroup S is locally finite: the largest n-generated
semigroup of var S has at most |S|(I°") elements.

A finite semigroup S is said to be inherently nonfinitely based if S
is not contained in any locally finite finitely based variety. Hence S
is nonfinitely based (and even inherently nonfinitely based) if var S
contains an inherently nonfinitely based semigroup.

The term “inherently nonfinitely based” was suggested by Perkins
in 1984, while the very first example of an inherently nonfinitely
based finite algebra (in fact, a 3-element groupoid) was exhibited
by Murskit in 1979.

Analogously, one can define inherently nonfinitely g-based
semigroups as finite semigroups that are not contained in any

locally finite finitely g-based quasi-variety. AAAS2. June 25. 2011
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INFB Semigroups

All inherently nonfinitely based finite semigroups were characterized
by Sapir in his seminal papers of the 1980s.
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INFB Semigroups

All inherently nonfinitely based finite semigroups were characterized
by Sapir in his seminal papers of the 1980s. The characterization is
efficient: given an effective description of a finite semigroup S, one
can decide in polynomial time of |S| whether or not S is inherently
nonfinitely based.
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INFB Semigroups

All inherently nonfinitely based finite semigroups were characterized
by Sapir in his seminal papers of the 1980s. The characterization is
efficient: given an effective description of a finite semigroup S, one
can decide in polynomial time of |S| whether or not S is inherently
nonfinitely based. For general algebras, the corresponding problem
is undecidable (McKenzie, 1996).
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INFB Semigroups

All inherently nonfinitely based finite semigroups were characterized
by Sapir in his seminal papers of the 1980s. The characterization is
efficient: given an effective description of a finite semigroup S, one
can decide in polynomial time of |S| whether or not S is inherently
nonfinitely based. For general algebras, the corresponding problem
is undecidable (McKenzie, 1996).

In particular, Sapir has shown that the 6-element Brandt monoid B}

1 2) 6 o) o) (o) (o 2) 60

is inherently nonfinitely based.
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INFB Semigroups

All inherently nonfinitely based finite semigroups were characterized
by Sapir in his seminal papers of the 1980s. The characterization is
efficient: given an effective description of a finite semigroup S, one
can decide in polynomial time of |S| whether or not S is inherently
nonfinitely based. For general algebras, the corresponding problem
is undecidable (McKenzie, 1996).

In particular, Sapir has shown that the 6-element Brandt monoid B}

1 2) 6 o) o) (o) (o 2) 60

is inherently nonfinitely based.

A typical application: for n > 2, the monoid O, of all order pre-
serving transformations of the chain 1 < 2 < --- < n is inherently

finitel .
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We Need More

Though very powerful, Sapir’s results do not explain all “mass”
examples of nonfinitely based finite semigroups.
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We Need More

Though very powerful, Sapir’s results do not explain all “mass”
examples of nonfinitely based finite semigroups.

For instance, it turns out (~, 2004) that for all n > 5 the monoids
of all extensive order preserving transformations of the chain

1 <2 < --- < n are nonfinitely based though none of them are
inherently nonfinitely based.
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Though very powerful, Sapir’s results do not explain all “mass”
examples of nonfinitely based finite semigroups.

For instance, it turns out (~, 2004) that for all n > 5 the monoids
of all extensive order preserving transformations of the chain

1 <2 < --- < n are nonfinitely based though none of them are
inherently nonfinitely based. (A transformation « is extensive if
ioe > i for every i.)
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We Need More

Though very powerful, Sapir’s results do not explain all “mass”
examples of nonfinitely based finite semigroups.

For instance, it turns out (~, 2004) that for all n > 5 the monoids
of all extensive order preserving transformations of the chain

1 <2 < --- < n are nonfinitely based though none of them are
inherently nonfinitely based. (A transformation « is extensive if
ioe > i for every i.)

There are many results of such flavor.
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We Need More

Though very powerful, Sapir’s results do not explain all “mass”
examples of nonfinitely based finite semigroups.

For instance, it turns out (~, 2004) that for all n > 5 the monoids
of all extensive order preserving transformations of the chain

1 <2 < --- < n are nonfinitely based though none of them are
inherently nonfinitely based. (A transformation « is extensive if
ioe > i for every i.)

There are many results of such flavor.

Problem: Is there a common reason that makes all “sufficiently
large” transformation monoids be nonfinitely based?
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We Need More

Though very powerful, Sapir’s results do not explain all “mass”
examples of nonfinitely based finite semigroups.

For instance, it turns out (~, 2004) that for all n > 5 the monoids
of all extensive order preserving transformations of the chain

1 <2 < --- < n are nonfinitely based though none of them are
inherently nonfinitely based. (A transformation « is extensive if
ioe > i for every i.)

There are many results of such flavor.

Problem: Is there a common reason that makes all “sufficiently
large” transformation monoids be nonfinitely based?

| strongly believe that such a common mechanism exists and that
understanding it may constitute a major progress towards the
solution of Tarski's problem.
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INFQB Semigroups

For semigroups, the INFQB property turns out to be too restrictive.
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INFQB Semigroups

For semigroups, the INFQB property turns out to be too restrictive.

Margolis and Sapir in 1995 showed that there are no INFQB finite
semigroups. In other words, every finite semigroup is contained in
a locally finite finitely g-based quasi-variety.
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INFQB Semigroups

For semigroups, the INFQB property turns out to be too restrictive.

Margolis and Sapir in 1995 showed that there are no INFQB finite
semigroups. In other words, every finite semigroup is contained in
a locally finite finitely g-based quasi-variety.

(In contrast, Lawrence and Willard in 1998 constructed some finite
INFQB unary semigroups, that is, semigroups equipped with an
additional unary operation).
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INFQB Semigroups

For semigroups, the INFQB property turns out to be too restrictive.

Margolis and Sapir in 1995 showed that there are no INFQB finite
semigroups. In other words, every finite semigroup is contained in
a locally finite finitely g-based quasi-variety.

(In contrast, Lawrence and Willard in 1998 constructed some finite
INFQB unary semigroups, that is, semigroups equipped with an
additional unary operation).

Thus, we look for a suitable relaxation of the concepts of being
inherently nonfinitely based or inherently nonfinitely g-based.
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Relatively INFQB Semigroups

We suggest the following general framework in which the notions
of being inherently nonfinitely g-based fit rather naturally.
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Relatively INFQB Semigroups

We suggest the following general framework in which the notions
of being inherently nonfinitely g-based fit rather naturally.
Let & be a property of quasi-varieties of semigroups, such as

“local finiteness”, or “being generated by a finite set of finite
semigroups” .
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Relatively INFQB Semigroups

We suggest the following general framework in which the notions
of being inherently nonfinitely g-based fit rather naturally.

Let &2 be a property of quasi-varieties of semigroups, such as
“local finiteness”, or “being generated by a finite set of finite
semigroups”. A class K of semigroups is inherently nonfinitely
g-based relative to & (abbreviated INFQB relative to &) if

@ K generates a quasi-variety satisfying & and

@ whenever a class of semigroups J generates a quasi-variety
satisfying & and containing K, then J has no finite basis of
quasi-identities.
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Relatively INFQB Semigroups

We suggest the following general framework in which the notions
of being inherently nonfinitely g-based fit rather naturally.

Let &2 be a property of quasi-varieties of semigroups, such as
“local finiteness”, or “being generated by a finite set of finite
semigroups”. A class K of semigroups is inherently nonfinitely
g-based relative to & (abbreviated INFQB relative to &) if

@ K generates a quasi-variety satisfying & and

@ whenever a class of semigroups J generates a quasi-variety
satisfying & and containing K, then J has no finite basis of
quasi-identities.

The usual notion of INFQB coincides with INFQB with respect to
local finiteness.
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Relatively INFQB Semigroups

We suggest the following general framework in which the notions
of being inherently nonfinitely g-based fit rather naturally.

Let &2 be a property of quasi-varieties of semigroups, such as
“local finiteness”, or “being generated by a finite set of finite
semigroups”. A class K of semigroups is inherently nonfinitely
g-based relative to & (abbreviated INFQB relative to &) if

@ K generates a quasi-variety satisfying & and

@ whenever a class of semigroups J generates a quasi-variety
satisfying & and containing K, then J has no finite basis of
quasi-identities.

The usual notion of INFQB coincides with INFQB with respect to
local finiteness. When &2 is the property of being generated by a

finite set of finite semigroups, we obtain another notion that has

been studied in the literature, namely, the notion of strongly

non-finitely g-based quasi-variety. LT e T T
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Examples of Relatively INFQB Semigroups

Every proper 3-nilpotent semigroup and every finite semigroup
containing an element a such that a? # a° is INFQB relative to
each of the following properties:
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Every proper 3-nilpotent semigroup and every finite semigroup
containing an element a such that a® # a° is INFQB relative to
each of the following properties:

@ to be contained in the quasi-variety | of all semigroups having
a faithful representation by injective partial maps on a set;
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containing an element a such that a® # a° is INFQB relative to
each of the following properties:

® to be contained in the quasi-variety | of all semigroups having
a faithful representation by injective partial maps on a set;

@ to be contained in the quasi-variety PO of all semigroups
having a faithful representation by order preserving partial
maps on a chain;
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Examples of Relatively INFQB Semigroups

Every proper 3-nilpotent semigroup and every finite semigroup
containing an element a such that a® # a° is INFQB relative to
each of the following properties:

@ to be contained in the quasi-variety | of all semigroups having
a faithful representation by injective partial maps on a set;

@ to be contained in the quasi-variety PO of all semigroups
having a faithful representation by order preserving partial
maps on a chain;

@ to be contained in the quasi-variety Fy generated by all
k-element semigroups for any fixed positive integer k.
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Examples of Relatively INFQB Semigroups

Every proper 3-nilpotent semigroup and every finite semigroup
containing an element a such that a® # a° is INFQB relative to
each of the following properties:

@ to be contained in the quasi-variety | of all semigroups having
a faithful representation by injective partial maps on a set;

@ to be contained in the quasi-variety PO of all semigroups
having a faithful representation by order preserving partial
maps on a chain;

@ to be contained in the quasi-variety Fy generated by all
k-element semigroups for any fixed positive integer k.

This shows that virtually any semigroup in a “nice” way (as
injective partial maps or as order preserving maps) admit no “nice”
quasi-identity basis, and also that two natural finiteness
conditions—finite axiomatisability and finite generation—are

virtually incompatible. AAAS2. June 25, 2011
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A Corollary

For some property & of algebras, and a variety V let %y(n)
denote the fraction of all V-algebras on the set {0,1,...,n—1}
with property 22, if it exists, and let #y(n) = 1 otherwise.
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A Corollary

For some property & of algebras, and a variety V let %y(n)
denote the fraction of all V-algebras on the set {0,1,...,n—1}
with property 22, if it exists, and let #y(n) = 1 otherwise.

Let #% denote finite basis property and let #2% denote the
finite g-basis property. Murskil in 1975 showed that

lim FBy,.(n) = 1,

when V£ is the variety of all algebras of some finite signature F.
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For some property & of algebras, and a variety V let %y(n)
denote the fraction of all V-algebras on the set {0,1,...,n—1}
with property 22, if it exists, and let #y(n) = 1 otherwise.

Let #% denote finite basis property and let #2% denote the
finite g-basis property. Murskil in 1975 showed that

lim FBy,.(n) = 1,

when V£ is the variety of all algebras of some finite signature F.
In this sense, almost all finite algebras are finitely based.
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A Corollary

For some property & of algebras, and a variety V let %y(n)
denote the fraction of all V-algebras on the set {0,1,...,n—1}
with property 22, if it exists, and let #y(n) = 1 otherwise.

Let #% denote finite basis property and let #2% denote the
finite g-basis property. Murskil in 1975 showed that
nll)rrgo FBv(n) =1,
when V£ is the variety of all algebras of some finite signature F.
In this sense, almost all finite algebras are finitely based.
The corresponding results
nll)rgo FBsgp(n) = nll_)l‘r;o FPBwmon(n) =1

for the variety Sgp of all semigroups and the variety Mon of all

monoids (in the type (2,0)) also hold true; so semigroups and

monoids behave quite “typically” with respect to the

axiomatisability properties of their identities. AAA82, June 25, 2011
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A Corollary Continued

In fact, Murskii’s results also imply that
"I|_>n;o FOBy . (n) =1,

provided F contains an operation of arity more than 1.
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A Corollary Continued

In fact, Murskii’s results also imply that
"I|_>n;o FOBy . (n) =1,

provided F contains an operation of arity more than 1. Thus,
almost all finite algebras are finitely g-based.
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A Corollary Continued

In fact, Murskii’s results also imply that
: 1
nln;ofo@%’vf(n) ,
provided F contains an operation of arity more than 1. Thus,
almost all finite algebras are finitely g-based.

In contrast, our result shows that semigroups and monoids are in
fact atypical with respect to satisfaction of the finite g-basis
property:

lim yg%sgp(n) = im ﬂQﬂMon(n) = 0.

n—o00
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A Corollary Continued

In fact, Murskii’s results also imply that
lim #2%y,(n) =1,
n—o0

provided F contains an operation of arity more than 1. Thus,
almost all finite algebras are finitely g-based.

In contrast, our result shows that semigroups and monoids are in
fact atypical with respect to satisfaction of the finite g-basis
property:

lim yg%sgp(n) = im ﬂQﬂMon(n) = 0.

n—o00
This immediately follows from the known fact that almost all finite

semigroups [monoids] are proper 3-nilpotent semigroups [proper
3-nilpotent semigroups with 1 adjoined].
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A Corollary Continued

In fact, Murskii’s results also imply that

"I|_>n;o FOBy . (n) =1,
provided F contains an operation of arity more than 1. Thus,
almost all finite algebras are finitely g-based.

In contrast, our result shows that semigroups and monoids are in
fact atypical with respect to satisfaction of the finite g-basis
property:

lim yg%sgp(n) = im ﬂQﬂMon(n) = 0.

n—o00

This immediately follows from the known fact that almost all finite
semigroups [monoids] are proper 3-nilpotent semigroups [proper
3-nilpotent semigroups with 1 adjoined].

We see that almost all finite semigroups [monoids] are nonfinitely

g-based. AAA82, June 25, 2011
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Examples of Relatively INFB Algebras

So far we have no striking example of a finite semigroup which is
INFB relative to some interesting property.
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Examples of Relatively INFB Algebras

So far we have no striking example of a finite semigroup which is
INFB relative to some interesting property.

However, | strongly recommend the paper “The equational
complexity of Lyndon’s algebra” by Marcel Jackson and George
McNulty (Algebra Universalis Volume 65, Number 3 (2011),
243-262) where they show that Lyndon’s 7-element groupoid of
1954—the earliest example of a nonfinitely based finite algebra—
is INFB relative to the property to be contained in the variety
generated by all automatic algebras.
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